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Abstract 

In this paper, we give decompositions of the moonshine module with respect 
to subVOAs associated to extremal Type II codes over Z2k for an integer k > 2. 
Those subVOAs are isomorphic to the tensor product of 24 copies of the charge 
conjugation orbifold V0A. Using such decompositions, we obtain some elements of 
type 4A (k odd) and 2B (k even) of the Monster simple group Aut^^). 

Introduction 



The notation of a vertex operator algebra (VOA) is introduced in Pol| . |FLM ]. One of the 
most interesting examples of a VOA is the moonshine module constructed in ||FLM |. 
The automorphism group of is the Monster, the largest sporadic finite simple group. 
The moonshine module V* has many subalgebras having good symmetry ( ||Mi| , pLMN|| ) 



The decompositions of with respect to those subalgebras are computed in ||DGH| . |KLY 1| , 



[KLY2|| . In particular, contains a sub VOA isomorphic to the tensor product of 48 copies 
of L(l/2, 0), called a Virasoro frame in ||DGrl|| , and the decomposition of is computed. 

Since L(l/2,0) is isomorphic to W2 algebra at c = 1/2, we should study the first 
member of the unitary series of W n algebras. For details of W n algebras, see FKW] and 



references given there. In particular, W4 algebra at c = 1 is realized as the fixed-point 
subspace V£ of the lattice VOA Vj, corresponding to the rank one lattice L = Za with 
(a, a) = 6 with respect to the —1 automorphism of the lattice. Its fusion rules have a nice 
symmetry according to ||Ab|| and for each embedding of V£ into V\ we get a 4A element 



of the Monster [Ma] 



In this paper, we consider more general case L = 'La with (a, a) = 2k for an integer 
k > 2. Since the Leech lattice A contains many elements of squared length 2k and 
contains as a sub VOA, V* contains many copies of Vt . We consider a set of 24 



1 



mutually orthogonal pairs of opposite vectors of A with squared length 2k. We call such 
a set a 2/c-frame of A. The existence of 2/c-frame of A is shown in [ |Ch| , |GH|1 . By using 



a 2/c-frame, we show that contains a subVOA isomorphic to the tensor product of 24 
copies of ■ Then we give the decomposition of as a (V^^-module. By using the 
fact that there exists the natural bijection between equivalence classes of 2/c-frames and 
extremal Type II codes of length 24 over Z2&, the decompositions of are described in 
terms of such codes. By the fusion rules of V^, we obtain automorphisms of with 
respect to the decompositions. More precisely, we have 4A elements (k is odd) and 2B 
elements (k is even) of the Monster simple group. Moreover, we give new expressions of 
McKay-Thompson series for 4A elements and obtain formulas of modular functions. 

Professor Ching Hung Lam studies the subject independently. 

Throughout the paper, we will work over the field C of complex numbers unless oth- 
erwise stated. We denote the set of integers by Z and the ring of the integers modulo k 
by Z k . 

Acknowledgements. The author wishes to thank Professor Atsushi Matsuo, my re- 
search supervisor, for his advice and warm encouragement. He also thanks Professor 
Masaaki Kitazume and Professor Ching Hung Lam for helpful advice. 

1 Preliminaries 

In this section, we recall or give some definitions and facts necessary in this paper. 

1.1 Charge conjugation orbifold VOA V£ 
and its irreducible modules 

In this section, we give the charge conjugation orbifold VOA V£ and its irreducible 
modules. The description of in this paper is slightly different from those given in 
UNI, lAbjl because it is useful to show the main theorem. 



Let L = Za be an even lattice of rank one with {a, a) = 2k. Set H = C ®-l L 
and we regard L as a subgroup of H. We extend the form (•, •) to a C-bilinear form 
on H. Let L° = {h e H | (h, a) E Z} = L/2k be the dual lattice of L. Let L° 
be the trivial extension of L° by the order 2 cyclic group (—1). Form the induced L°- 
module C{L°} = C[L°] <8>q±i] C, where C[-] denotes the group algebra and —1 acts on 
C as multiplication by —1. We choose a section L° — > L°, (3^6^ such that e^e 7 = 
(_l)(/3,7> e /3+7 f or /3, 7 e L. Set V L * = S(H ® ^Cft" 1 ]) <8> C{L°}. For A + L e L°/L, we 
set Va+l = S(H <S> t _1 C[t -1 ]) <g) C{A + L}, where A + L is regarded as a subset of L° and 
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C{\+L} is the subspace of C{L°} spanned by {e M | p G \+L}. It is well known that V L has 
a VOA structure and V\ + l has a Vi,-module structure for each \ + L G L°/L (cf. RFLMfl ). 
Note that all the irreducible V^-modules are given by the set {Va+l | A + L G L°/L} (cf. 
IP 1|] ) . For convenience, we denote /i Cg> t n by h(n) for h G H and n G Z. 

Let p^: L — > C x be a group homomorphism such that pz,(2p) = (— l)^)/ 2 for 
p G L. Let 0£ be the automorphism of L given by Oi(e^) = p£(2p)(e M ) _1 for p G L and 
#z,(— 1) = —1. Let #vi be the unique commutative algebra automorphism of Vl such that 
VL (h(n) (g) 1) = -/i(n) ® 1 and <g> e M ) = 1 ® ^(e' 1 ) for h & H and p G L. 

Let A be a representative of a coset in L°/L. We will extend 6V L on V/^o as a Vj,- 
module isomorphism. Let 8y L : Va+l - ► V-x+l be the V^-module isomorphism such that 
9y L (e x ) = e~ x . When A G L/2, the linear map V\+l V-x+l, x | — ► Pl{— 2A)x is an 
isomorphism of V^-modules. Then we have the automorphism 6y L of Va+l as a Vi-module 
such that 9y L (e x ) = pi(2A)e _A . For each ^-stable subspace M of Vl°, let M ± denote 
the ±1 eigenspaces of M with respect to 9y L respectively. Note that V£ is a sub VOA of 
Vl- 

Let i^i = {6 , i(a)a _1 | a G L} be the subgroup of L. Let T and Ti be irreducible 
L/Ki-modules over C such that e a acts by Pl(cc) and e a acts by —p L (a) respectively. 
Note that -lei acts by -1 on T { . Set Vp = S(H ® t- 1 / 2 C[t~ 1 ]) ® Tj. Then it 
has an irreducible -twisted V^ module structure. Moreover, and Vp 1 give all the 
inequivalent irreducible 9y L -twisted V^-modules (cf. 



Let Oh be the unique commutative algebra automorphism of S(H t x / 2 C[t x ]) such 
that 0H{h(n)) = —h(n) for h £ H and n G 1/2 + Z. We consider the linear automorphism 
of V^* given by 9h <8> 1^, where 1^ is the identity operator of Tj. By abuse of notation, 
we denote both automorphisms of and Vp by 9 v t. Since e Q = 9y L (e a ) on T i; is 
an automorphism as a V^-module. We denote the ±1 eigenspaces of Vp with respect to 
6 v t by V^ 1 ' respectively. Then V L U becomes an irreducible V 7 ^ - -module. 

Note that and its irreducible modules defined above are isomorphic to those given 
DNf . By Theorem 5.13 of jDNj , the set 



in 



{Vl, V± /2+l , Vf V ra/2k+L | % = 0, 1, r = 1, . . . , A; - 1} 
gives all inequivalent irreducible V^-modules. 

1.2 Moonshine module 

Let us review the moonshine module V^ from ||FLM|| for what we need in this paper. 



Let A be the Leech lattice with the positive-definite Z-bilinear form (•,•). It is a 
unique positive-definite even unimodular lattice of rank 24 without roots. 
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Let A be the central extension of A by the cyclic group ( — 1) = Z 2 : 

1^(-1)^A^A^0 (1.1) 

with the commutator map Co(/3, 7) = (f3, 7) + 2Z for (3, 7 G A. 

Let 9\ be the automorphism of A given by 9\{a) = a _1 (— l)( a > a )/ 2 for a G A. We 
denote the center of A by Cent A. Set K\ = {6\(a)aT l \ a G A} C Cent A. Then K A 
is a normal subgroup of A; consider the group A/K\. Note that the center of A/K\ is 



(— Ka) = Z 2 . By Theorem 5.5.1 of [FLM], we have the following proposition 



Proposition 1.1. ([FLM]) Set G = A/K\ and let x be a character of Cent G = {—K\) 
such that x{—Ka) = —1- Let A be a maximal abelian subgroup of G and let ip: A — > 
C x be a character with V'lCent G — X- Then T = Ind^C^, is the unique irreducible G- 
module on which x G Cent G acts by x{x)1t, where is the one- dimensional A-module 
corresponding to if). Moreover, T = ®C V , where (p ranges over the characters of A whose 
restriction to Cent G is x> an d dimT = 2 



12 



Set the induced A-module C{A} = C[A]®c[±i]C, where —1 acts on C as multiplication 
by —1. We extend 6 A to C[A] linearly. Since 8\ fixes —1, we view the automorphism 6\ 
as an automorphism of C{A}. 

Set f) = C®z A. We regard A as a subgroup of f). We extend (■, ■) to a C-bilinear 



form on t). Let T be the irreducible A/i^A-module given in Proposition |1 . 1| . Set Va = 
S{t) ® t^Cfr 1 ]) ® C{A} and Vj[ = 5(f) g> r^Cft -1 ]) (g) T. For convenience, we also 
denote h®t n by /i(n) for /i G f) and n G Z/2. Let #y A be the unique commutative algebra 
automorphism of Va such that 9v A (h(n)®l) = —h(n)<S>l and 6V A (1®&) = 1®#a(&)? where 
h G f), n G Z <0 and 6 G C{A}. Let #f, be the unique commutative algebra automorphism 
of S(i) ® r^Cfr 1 ]) such that 0&(/i(n)) = -%) for li 6 1), n e 1/2 + Z <0 . Then 
= 9f) <8> (—It) is an automorphism of V^, where 1^ is the identity operator on T. 

h -4- T — I— -i- r -)- 

Thus we have = V A © V A ' , where is the #y A -fixed-point subspace of Va and V A ' 
is the ^yr-fixed-point subspace of V A . 



1.3 2/c-frames and codes over 1,2k 

In this subsection, we give some terminology on a code over Z 2/ t (cf. | pHS| [). 

A {linear) code C of length n over Z 2 fc is a Z 2 fc-submodule of Z^. We denote the image 
of x G Z with respect to the canonical map Z — > Z 2 & by x. We fix an ordered basis of Z 2fe 
and denote z-th element of this basis by (0, . . . , 0, 1, 0, . . . , 0), where 1 only appears in the 
2-th position. 
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An element of C is called a codeword. The Euclidean weight Ewt(-) on ZJ^ is given by 
Ewt(c) = Xli=i m i j where c = (mi, . . . , m n ) G Z£ fc and —k < rrii < k for i = 1, . . . , n. We 
define the inner product of x and y in by (x, y) = X^=i-^^> wnere 
and y = (yi, . . . , y n ). The dual code C 1 - of C is defined as C 1 - = {x G l% k \ (x,y) = 
for all y G C}. C is self- orthogonal if C C C 1 - and C is self-dual if C = C^. We define a 
Type II code over Z 2 ^ to be a self-dual code with all codewords having Euclidean weight 
divisible by 4k. 

It is well known that S n = Z 2 I S n = Aut(Z2 fc ), where S n is the symmetric group. S n 
acts on Z^ by the permutation of the coordinate positions and the change of the signs of 
some positions of Z^. Two codes C and G\ over Z 2 fc are called equivalent if they both 
have length n and if there exists o G S n such that Co = a(Ci). 

Definition 1.2. A 2k-frame of a lattice of rank n is a set of n mutually orthogonal pairs 
of opposite vectors of squared length 2k. 

We denote the group of isometries of a lattice A by Aut(A). Since Aut(A) preserves 
the inner product, Aut(A) acts on the set of 2&-frames of A. We say that 2fc-frames So, 
Si of A are equivalent if there exists r G Aut(A) such that So = t(Si). 

We define an extremal Type II code of length 24 over Z 2 fc to be a Type II code with 
minimum Euclidean weight 8k. 



Proposition 1.3. [|CIi|, |GH|| For any positive integer k, there exists an extremal Type II 



code of length 24 over Z 2 ^ . 

Using the fact that the Leech lattice A is the unique positive definite unimodular 
lattice in dimension 24 without roots, it is easy to see that for k > 2, equivalence classes 
of 2/c-frames of A are the same as equivalence classes of extremal Type II codes of length 
24 over Z 2 ^. More precisely, for a 2/c-frame S of A, we have an extremal Type II code 
C = A/N C N°/N = ZH, where N is the sublattice of A generated by S and N° is the 
dual lattice of N, and for an extremal Type II code C of length 24 over Z 2 £, the lattice 
constructed by the generalized Construction A with C is the Leech lattice and contains a 
2/c-frame. 

By direct calculation, we have the following proposition. 

Proposition 1.4. Let S be a 2k-frame of the Leech lattice A and let N be the sublattice 
of A generated by S . Let C = A/N be a code over Z 2 ^, and let C 2 = (A fl (N/2))/N be a 
binary code. Set m = dim C 2 over Z 2 . 

(1) \A/N\ = (2k) 12 . 
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(2) m > 12. 

(3) N/(2A fl N) is an elementary abelian 2-group with order 2 

(4) If k is odd, then C 2 is a Type II code. 



Remark 1.5. Let S be a 2fc-frame of A and C be an extremal Type II code corresponding 
to S. Let N be the sublattice of A generated by S. Then it is easy to see that C 2 = 
(A n (N/2))/N = {(ci, . . . , c 24 ) G C | Q = (mod k) for all i}, where we regard the both 
codes as binary codes. 



2 Decompositions of V* and %2k codes 

In this section, for an integer k > 2, we give the decomposition of as a (V^ 1- ) ^-module 
associated with an extremal Type II code over Z 2 £. It is easy to see the embedding of Vl 



into Va- But the 24 tensor product of the involution of Vl given in ||DN|| is not the same 
involution 9y A of Va- By using the definition of Vl given in Section 1.1, we will clarify the 
problem. 

For convenience, we use the following notation. For c = (c 1; . . . , c 24 ) G Z^, we set 

24 

M( c ) = (g) v; W2fe+L . 

Note that M(c) = M(a(c)) as a (V£ l ")® 24 -module for c G Z|£, where a is an operator 
which changes signs of some positions. 

In particular, for c = (ci, . . . , C24) G Z^ 4 , we set 

24 

M(c) + = © (g)Va /2+L , 

ejS{±} i=l 
24 

Z, > 

ei e{±} i=l 

n«i=- 



where {±} ^ (-) ^ Z 2 . 

Remark 2.1. Let c = (ci, . . . , c 2 4) be an element of Zn 4 . 



2 

<g)24 



(1) M(c) + is the fixed-point subspace of ®V CiCl /2+L with respect to 6® L . 

(2) M T (c)~ is the —1 eigenspace of ®V L Ci with respect to 
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2.1 Main results 



The following is our main theorem. 

Theorem 2.2. For k > 2, let C be an extremal Type II code of length 24 over Z 2 ^ and set 
C*2 — {( c i) • • • j c 24) G C | Q = (mod k) for all i}, which is binary code. Set m = dimC2 
over Then there exists an embedding of (V^ 1- )® 24 into as a subVOA such that 
= © V^ ,+ decomposes into (V^)® 24 -modules as the following: 

(1) 

^ A + = 0M(c)+©i M(c). 

c£C 2 c<=C\C 2 

(2) 

V* >+ s 2 m - 12 M T (c)~. 



Remark 2.3. This decomposition is uniquely determined by the extremal Type II code 
of length 24 over Z 2 k, up to the action of S n = Z 2 I S n . 

The rest of this section is devoted to the proof of the theorem. 
2.2 Key lemma 



In this subsection, we will give the key lemma for Theorem |2.2j . It is an extension of 
Theorem D.6 of [pGH|| . More precisely, we consider the case of a dual lattice. We will 
use the lemma to identify 9® 2i with 9 Vh on 

Let U be an even integral lattice and let Vjj be the lattice VOA associated to U. By 



Dl], Vu° is a Vt/-module. We choose a section U° — ► U°, x 1— > e x such that the 2-cocycle 



with respect to it is Z-bilinear. 

Definition 2.4. A lift of —1 of U° is an automorphism 9 of Vu° as a Vy-module such 
that for all x G U° , there is a scalar c x so that 9 : e x t— > c x e~ x . 

Set A v = Hom(f/,C x ) and set A v ° = {f : U° -> C x | f(x + y) = f(x)f(y) for x G 
U, y G Z7°, /|{/ G For / G -Aj/o, we set the automorphism / of Vjj° as a Vjy-module 

by /: y ® e x 1— » f(x)y © e x , and we set Aj/o = {/ | / e A[/o}. 

By Theorem D.6 of [pGH||, we have the following proposition. 
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Proposition 2.5. For lifts f and g of —1 of U° , there exists an element s G A\j° such 
that s -1 /s|Vfr = g\v v - 

Moreover, we consider the case of Vjjo. 

Lemma 2.6. Let f,g be lifts of —1 of U° such that f = g on Vu- Let S be a set of 

representatives of(U°C]U/2)/U. Then f and g are conjugate by an element of Au° whose 
restriction on Vu is the identity map if and only if f(e x ) = g(e x ) for x G S. 

Proof. In order to simplify the proof, we assume g(e x ) = e~ x for x G U°. Let S be a 
set of representatives of U° /U containing S. 

First, we assume f(e x ) = g(e x ) for x G S. By a conjugation of Au°, we assume 
f(e x ) = e~ x for x G S. Namely, if f(e x ) = c x e~ x for x G S, we set s G Ajjo such 
that s(x) = c x for x G S \ S and s[y) = 1 for y G U U S. It is easy to see that 
s~ 1 fs(e x ) = e~ x for x G S. Note that Vjj° = ®\ e s^+U: an d for A G S, V\ + u is generated 
by e A as a V^-module. Since / is V[/-module automorphism and 2-cocycle is a Z-bilinear 
map, we have f(e x ) = e~ x for x G U° by the direct calculation. 

Next, we assume = g for 5 G such that s\ Vu is the identity map. For x G S, 

we set /(e x ) = c x e~ x , where c x G C x . Then we have s~ 1 fs(e x ) = s(x)c x s~ 1 (e~ 2x+x ) = 
s(—2x)~ 1 c x e~ x = s(—2x)g(e x ) for x G S. Since —2x G /7 and s = 1 on [/, we have 
f(e x ) = g(e x ) for x E S. □ 

2.3 Decomposition of the untwisted space 

In this subsection, we give the decomposition of V£ . 

Let F = (xi, . . . , X24) be the 2k- frame of A corresponding to the code C and let N 
be the sublattice of A generated by F. Since L = 'La is an even lattice of rank one with 
(a, a) = 2k, we have N = L® 24 . From [ pi|| , it follows that V\ is decomposed as 

Va= V x+N (2.1) 

X+NeA/N 

as a VAr-module. 

It is well known that 

21 

V x+N = (g) V^a/afc+x = M(c) (2.2) 

i=l 

as a (V^)® 24 -module, where A + = Y^h=i CiXi/2k + N and c = (ci, . . . , C24) is a codeword 
of C = A/N. 
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Now, we have two involutions of V\ as a VAr-module. One is / = 6y A given in Section 



lT2l and the other one is g = 6 1 ® 24 . Note that 0y L is the automorphism of Vl° as a Vl- 



module given in Section OL We will apply Proposition EO and Lemma |2]6| to Va C Vat° , 



and identify / and g. Since we consider Va in this section, we use the notation A\ instead 
of An°. By |[FLM|| , we can choose a Z-bilinear 2-cocycle e : A x A — > Z 2 such that 



e(x, x) = (x, x)/2. 

By Proposition |2]5| there exists s G such that s~ 1 fs = g on Vat. Therefore we 
identify g with / on Vn, and we have the inclusion of subVOAs (V 7 ^ 1- )® 24 C C V\ 



Remark 2.7. Let V^ R and be the real forms of and as constructed in |FLM 



By ||FLM |, those have the positive-definite symmetric bilinear forms. By the above in- 



clusion, we have the embedding C V^. In this embedding, the positive-definite 
symmetric bilinear form of the subVOA is the restriction of that of V™. 



Next, in order to apply to lemma [2Tq , we have to check the hypothesis of the lemma. 
Let s be the element of A\ corresponding to s. For x 6 An N/2, we have s~ 1 fs(e x ) = 
s(—2x)e~ x and g(e x ) = pN(2x)e~ x , where pn = ®Pi Xi - Since pn and s are linear on N, 
we can choose p^ and the set S of representatives of (A n N/2)/N such that = g 

on S. Therefore we can use lemma |2.6| , and we have / and g are conjugate by A^. So, 
we identify / with g on 14. 

We consider the #® 2 -fixed-point subspace of Va- We obtain the following lemma (cf. 

HI). 



Lemma 2.8. Let c be a codeword of C = A/N. 

(1) Ifc eC 2 = (AC)N/2)/N, then M(c) is -invariant, and M(c) + is the B^f-fixed- 
point subspace. 



(2) IfcEC\C2, then M(c)®M(—c) is 9®^ -invariant, and the 9y^ A -fixed-point subspace 
(M(c) © M(-c)) + is isomorphic to M(c) as a (V^~)® 24 -module. 



By Lemma |2.8|, (|2.1|) and (|2.2|), we obtain Theorem 



T 

2.4 Decomposition of the twisted space V* ' 



A 



In this subsection, we give the decomposition of V A . 

Set K(N) = K A n N and K{2N) = K A n 2N. Since T is a A/ir A -module, T is 
a A^ii'A/i^A-module. Note that -1 £ A acts on T as multiplication by —1. Let M 
be a maximal abelian subgroup of A/K& such that M D NK^/K\. Note that |M| = 
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2 13 . By Proposition 1.1, T decomposes into the direct sum of all the irreducible M- 



modules on which — K A acts by —1. Therefore T decomposes into the direct sum of 
irreducible NK A /K A - modules on which —K A acts by —1. By Proposition |1.4| (3), we 
have \NK A /K A \ = 2\N/(N H 2A)| = 2 25 ~ m . Then any multiplicities of the irreducible 
NK A /K A -modu\e is 2 m ~ 12 . Since NK A /K A = N/K(N), T is a A>/ AT (AQ -module. Thus 
we obtain 

T= 2 m - 1 %, (2.3) 

V<eIrr(JV/X(JV)) 
V(-if(JV))=-l 

where Itt(N / K(N)) is the set of the characters for N / K(N) and is the one-dimensional 
module C with a character ip. 

By using the canonical map it: N/K{2N) -> N/K(N), we view T as a N/K(2N)- 
module. Note that the kernel of vr is K(N)/K(2N). Therefore, as a N / K(2N)-modvle, 
T is decomposed 

T= m x T x , (2.4) 

X£Irr(JV/K(2JV)) 
x (-K(2iV)) = -l 

where m x is the multiplicity. By fl2lf ), we have m x e {0,2 m ~ 12 }. By (|2j]), has a 
decomposition, 

= rn x V^\ (2.5) 

XGIrr(JV/K(2JV)) 
X (--ff(2AT))=-l 

where V Ar x is the 6V A -twisted V/v-module corresponding to the A^/A^(2A^)-module T x . 

As in Section 2.3, we fix the ordered basis of A" as (x\, . . . , £24)- Let Li = Zxj be a 
sublattice of N and set K(Li) = K A n Lj. For % £ lrr(N/K(2N)), we set the character 
of Li/K(Li) Xi{ eXl ) = x( eXi )- For a character x = ®1LiXi sucri that x(-A'(2A r )) = — 1, 
we set P(x) = (ci, . . . , c 24 ) G Z 2 , 4 , where Xi^e* 1 )) = Pi(xi)(-l) c \ For x = J^tte e ^ 
we set = (di, . . . , J24) £ 2^ 4 - 

Then we have 

X(% x )) = p(5>Zi)(-l) Ecidi = p(x)(-l)< p W.O(«)>. 

Now, let us determine the multiplicities {m x }. Let x be an element of Irr(A r / K(2N)) 
such that x(— K(2N)) = — 1. Set n = 2 m_12 . Then m x = n if and only if there exists x £ 
Irr(A^/A^(A^)) such that x = X ^ namely, x( x ) = 1 f° r an y x £ Ker7r = K(N)/K(2N). 
Since ^(e^Ke*)" 1 = e -^-iy(^) e -^ = e -^ = p N {2x)s(-2x)e- 2x for x G A n iV/2, we 
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have K(N) = {^(a)a- 1 | a E AfW/2} = {p N (-p)a{eP) | (3 E 2AfW}. Therefore X (x) = 
1 for any x E K(N)/K(2N) if and only if (P( X ), Q(x)) = for any x E K(N)/K(2N) 

Since K{N)/K{2N) = (N n 2\)/2N (A n (N/2))/N = C 2 , m x = n if and only if 
-P(x) € C^~. By ( p.5|) , we have an isomorphism 

Vl = 2 m - 12 V*\ (2.6) 

X£Irr(JV/K (2JV)) 

Next, we fix a character x and consider the space V N X . If P(x) = (ci, . . . , C24), then 
T x = ®T Ci . Thus, we get an isomorphism V^ x = <S>V^ Ci . Note that we have 9 v t = — (#®| 4 ), 

because 9 v t acts by —1 on T x and 9 v t acts by 1 on T c .. Therefore, for x £ ln(N / K(2N)) 
with x{~ K(2N)) = —1, we have an isomorphism of (V^ )® 24 -modules 

V^' + = M T (P( X ))-. (2.7) 

By O and Q, we get Theorem (ii). 



3 Character and automorphisms of the moonshine 
module 

In this section, we give the character of and give some automorphisms of V^. 
3.1 Character of the moonshine module 

We recall the character of a VOA. Let V = ©^L Ki be a VOA and the character of V is 
given by ch(V) = J2n=o dim(V n )q n . 

In order to give the character of V\ we consider the symmetrized weight enumerator 
of a code over Z 2 fc. The symmetrized weight enumerator of a code C over Z 2 k is defined 
as: 

swe c (p , ...,p k ) = 5^Po° (C Vi l(c) • • -Pk , 

cec 

where rij(c) denotes the number of j such that Cj = ±z. Note that the symmetrized weight 
enumerators of equivalence codes are same. For < i < k, we set 

a, = chV ia/2k+L = ^E^ '^ 2 ' 
b = (chV+-chV L -) = J^E(-l)V 2 , 
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where 0(g) = ELm^ ~ <?") ■ Note that for c G C 2 \{0}, we have ch(M(c) + ) = ch(M(c))/2, 
and ch(M(0) + ) = b M + ch(M(0))/2. 

By Theorem |2.2| , we obtain the following corollary. 

Corollary 3.1. Let C be an extremal Type II code of length 24 overZ 2 k- Then we have 
ch(^) = q( J{q) - 744) = ^swe c (a , a 1; . . . , a k ) + V 4 

, oil 3/2, 0(g) 24 0(g 2 ) 2 V(g 1/2 ) 2 \ 
« >(gl/2)24 0( g )48 



Remark 3.2. It is easy to see that swec(ao, oi, ■ ■ ■ , Qfc) = @a(<?)/(0(<?)) 24 , where 0a(<?) 
is the theta function associated with A. Since b = <p(q)/<f){q 2 ), we obtain 

ch(V*) = 1 ■ ^(g) 24 ^ . 2 n n s/2 ( 0(g) 24 _ 0(? 2 ) 24 0(g 1/2 ) 2 \ 

1 ; 2 V(g) 24 (p(q 2 ) 24 l 0(g 1/2 ) 24 0(g) 48 



This equation is given in Remark 10.5.8 of |[FLM| 



3.2 Automorphisms of the moonshine module 

Let T be the set of inequivalent irreducible V^-modules. If k is odd then we define the 
map fjLk '■ T — > C x setting by 



1 if W e {y±, V ja/k+L \l<j<(k- l)/2}, 



-1 if W G {^ /2+L , %-l W 2*+Z | 1 < j < (k ~ l)/2}, 

i if We {V?*}, 

-i if we {yj 1 ^}, 

and if is even then we defined the map : T — > C x setting by 



i i ii ii i i ^ 



i if w g {v? , y^, y W2fc+L | i<j<(k- 1)}, 
-l if w g {yj 0,± , yj 1 '*}. 



The fusion algebra of V£ is the vector space U = (Bw&r'CW equipped products x 
given by fusion rules, where we regard W as a formal element. The definition of fusion 
rules is given in |DL|| . An automorphism of the fusion algebra U is a linear automorphism 
g such that g(A x B) = g(A) x g(B) for A, B £ U. By the fusion rules of V£ determined 
in [Sb], we have the following proposition (cf. ||Ma|| ). 



Proposition 3.3. The linear map of the fusion algebra of V£ , W t— > //&(W)W , is an 
automorphism of the fusion algebra ofV£- 
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Suppose we are given a decomposition 



V* = m W r 1 ,...,w a4 Wi <g> • • • ® 1^24 
w,er 

as a (V A L l ")® 24 -module, where mw 1 ,...,w 2 4 is the multiplicity. For each i G {1, . . . ,24}, we 
define a linear automorphism <7j of by 

= /Jik{Wi)x 

for x G (S)j=i ^j'- By Proposition [3.3| , we have the following proposition (cf. ||Mi|| ) . 
Proposition 3.4. a, t is a VOA automorphism ofVK 

Proof. By the definition of <7j fixes any element of (V^ 1- )® 24 . In particular, o~i fixes 
the Virasoro element and the vacuum vector. Note that the fusion rules of tensor products 
of modules are the tensor products of the fusion rules of those modules. 

Let T 24 = {^Wi | Wi G T}. Let 

fJ>k,f — ► C x be a map such that fik,i{W) = 
Hk{Wi) for W = ®Wj G T 2 4. Let W 1 , W 2 be elements of T 2 4. By the definition of fusion 
rules, we have Y(v,z)w G (W 1 x W 2 )[z,z~ l ] for v G W 1 , w G W 2 , where Y(-,z) is the 
vertex operator of and x is fusion rules for V£ ■ Therefore we have Y(ai(v), z)o~i(w) = 
»kA wl W,i(W 2 ) Y ( v > z ) w = ^AW 1 x W 2 )Y(v, z)w = ViiYiy, z)w). □ 
By Theorem [2.2| , we have the following proposition. 



Proposition 3.5. Suppose k is odd. In decompositions of given by Theorem |2.2j , <7j 
is a 4A element of the Monster. In fact, G 2+ +24 C 2 1 t +24 . Conway 1 C Monster, where 
2^_ +24 . Conway 1 is a non-split extension of Conway^ (largest simple Conway group) by the 
extra-special group 2i +2 . 



Proof. By Theorem [2.2| and Proposition |3.3| , o~f acts by 1 on V^" and acts by —1 on 
V^ ,+ . By |[FLM |, the centralizer of af in the Monster simple group is 2^ +24 .Conway j. 
Since <7j commutes with a 2 , we have cr, G 2 1 ( +24 .Conway j. Since <7j preserves the space 
Ce^ for any /3 G A, we have cr, G 2+ +24 . It is well known that there are the four types of 
Monster elements 1A, 2A, 2B and AA contained in 2^_ +24 . Since a, is an order 4 element, 
o~i is a 4A element of the Monster. □ 

Remark 3.6. Suppose k is even. In decompositions of given by Theorem |2.2| , cr, is a 
25 element of the Monster. More precisely, <Xj acts by 1 on Va and acts by —1 on V£, 
namely, o~i = z given in (10.4.48) of ||FLM| . 
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3.3 McKay- Thompson series for 4A elements of the Monster 

In this section, we assume that k is odd. Then we give the McKay-Thompson series for 
4A elements Oi given in Section 3.2. The expressions of it are different from | CN |, and we 
obtain formulas of modular functions. 

We recall the McKay-Thompson series. Let g be an element of the Monster simple 
group and let = Y^=o be the moonshine module. Then the McKay-Thompson 
series for g is given by T g (q) = q^ 1 (^^oC^ r SWO?™)) where Tr g^ is the trace of the 
action of g on V n . 

Let Tj :Z|| — > Z 2 be the composite map of the projection map — > Z 2 & with respect 
to z-th elements and the canonical map Z 2 ^. — ■> Z 2 . Note that for c G C, the automorphism 
<7j acts by the multiplication (— l) Ti ( c ) on M(c). 

Lemma 3.7. Leto~i be the automorphism ofV^ given in Section 3.2. In the decomposition 
given in Theorem 2.1, we have 

(1) 

oo 1 

E( Tr °W) > n = 2 E(- 1 ) Ti(c)ch ( M ( c )) + fe24 > 

n=0 cGC 

where b is given in Section 3.1. 

(2) 

oo 
n=0 

Proof. By direct calculation, we have (i). Since C 2 contains the all 1 element, the 
numbers of elements of C 2 whose z-th coordinate is 0, and whose z-th coordinate is 1 are 

rjr\ j rj~t j 

equal. By the definitions of V L \ we have ch(V L ' ) = ch(V L 1 ' ) respectively. Therefore 
we have (ii). □ 

Corollary 3.8. Let C be an extremal Type II code over Z 2 &. The McKay-Thompson 
series for the 4A element o~i is given by 

T 4A (q) = q-'d £(-l)^)ch(M(c)) + 6 24 }- 

cGC 

Remark 3.9. In [Bo2| , |CN|1 , all the McKay-Thompson series are computed. So we have 
the following formulas of modular functions. 

7/(92)48 24 = q^ 1 - 5>l)^)ch(M(c)) + ^ 



V(q) 24 v(q 4 ) 24 1^ ?7(g 2 ) 24 ' 

where the Dedekind //-function 77(g) = qit Yl n >i(^ ~ Q n )- 
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